We prove that any differential basis of a regular local ring R of characteristic p > 0 over Rp is a /»-basis of R over Rp. This result gives a characterization of a regular local ring R which has a p-basis over Rp.
sublocal ring of R. We denote the differential module of R over R' by S2Ä(F). If £2R.(F) is a free F-module and if {dat}aeA is a basis of the F-module S1R,(R), A = {a, }ie5/ is called a differential basis of R over F'. If F has ap-basis T over R', T is also a differential basis of F over F' (see [6, §38] ). Conversely, any differential basis is a p-basis under the assumptions that R' 3 Rp and F is a finite F'-module (see [6, §38, Proposition] ). The purpose of this paper is to prove that any differential basis of a regular local ring R over Rp is a p-basis of R over Rp. This result gives a characterization of a regular local ring F which has a p-basis over Fp (cf. [5, Theorem 3.1] ). This fact has not been noticed, to the best of the authors' knowledge, in any literature yet.
2. Notations and preliminaries. In this paper, p is always a prime number and all rings are commutative with identity. A ring is called a local ring if it is noetherian and has only one maximal ideal. Let 5 be a ring of characteristic p and Sp denote the subring {xp\x e S). Let S' be a subring of S. A subset r of S is said to be p-independent over S", if the monomials b{1 ■■■ &*» where b1,...,bn are distinct elements of T and 0 < e¡ < p -1, are linearly independent over S^S"]. T is called a p-basis of S over 5' if it is p-independent over S' and SP[S', T] = S. We denote the differential module of 5 over S' by ÛS(S) and the differentiation of 5 over S' which define ÜS,(S) by d. For the definition and elementary properties, refer to [6] .
From now on throughout this paper, R will denote a local ring of characteristic p, M the maximal ideal of R, k the residue field of F, and (if F is a domain) K the quotient field of F. We denote the Krull dimension of F by dim F and we put dim F = r. We set M(p) = {mp\m e M). Since M n Rp = M(p), the natural map rp/M(p) -* R/M = k is injective and its image is equal to (R/M)p = kp = {ap\a ei:}. In view of the above injection, the residue field Rp/Mip) of Rp can be -identified with the subfield kp of k. R' will denote an intermediate local ring between R and Rp, M' the maximal ideal, k' the residue field. It is clear that R dominates F', that is, M n R' = M'. Since we may identify the residue field k' of F' with the corresponding subfield of k, we may assume that kp c k' c k. For any subset A of F, we denote by A the set of residue classes of the elements of A modulo M. When we say "A is a p-basis" we tacitly assume that the natural mapping A -* A maps A injectively to A.
3. Lemma. Proof. It is easy to prove Lemma 2. Proof. We have a natural surjective homomorphism QR,(R)-*Qk,(k), which maps da to da where 5 is the residue class of a g A modulo M. Since Q,RP(R) is generated by {da\a e A}, tikP(k) has a basis which is a subset of {dâ\a e A}. Let A be a subset of A such that {dâ\a e A} isa basis of Qkp(k) and such that the natural map A -» k is one-to-one. Then A = {a\a e A] is a p-basis of k/kp. Proof. The equivalence of (1), (2) and (3) follows from [3] and [5] . Corollary 3. Let R be a regular local ring of characteristic p.IfQRP(R)isa free R-module, then R is excellent.
Proof. If SlRP(R) is a free F-module, then F has a p-basis over Rp by Theorem. The excellence of F follows from Theorem of [4] .
